Einstein's famous explanation of the photoelectric effect is addressed using the Minkowski fourvector formalism. This formalism deals with energy and linear momentum simultaneously and it is Lorentz covariant. The energy and momentum equations for both electron emission and electron braking are obtained in the lab frame, S. It is then shown that the energy and momentum equations for electron emission and electron braking in a second inertial frame, S , are linear combinations of the corresponding equations in the original frame, S, according to the principle of relativity.
Textbooks usually deal with the photoelectric effect by means of the energy balance equation
where m e is the electron mass and Φ is the work function. 18 The maximum kinetic energy of the photoelectrons is related to the minimum voltage required to prevent the electrons from reaching the anode, resulting in zero current circulating throughout the circuit:
where e is the elementary charge. Combining Eqs. Interestingly enough, the photoelectric effect offers the possibility for an analysis of a physical process in which relativity (The description must be Lorentz invariant.), quantum physics (photon as the quantum of the electromagnetic field), and thermodynamics (work function as internal energy) play a role. 25 Therefore, it appears that the relativistic description allows for a deeper understanding of the relevant physical concepts of those three areas:
relativity, quantum physics, and thermodynamics.
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Even college-level physics textbooks that introduce a more modern perspective, 26 especially in regards to mechanics with connections to quantum mechanics and relativity, deal with the photoelectric effect in the traditional way. To the extent of our knowledge, a relativistic description of the photoelectric effect was presented in 1931 and 1933 papers in
Physical Review by Hall and Oppenheimer, 27,28 but these articles were not intended to be and are not pedagogical. In the present article, the four-vector formalism of relativity is used. This formalism is a powerful tool, since it is fully covariant under Lorentz transformations, and it simultaneously deals with the energy and linear momentum conservation in an elegant fashion. When a student masters this formalism, he/she may find it enlightening to re-visit the photoelectric effect, in order to enjoy the conceptual and pedagogical advantages of the approach described in this article.
This paper is organized as follows. In Section II the four-vector description of the photoelectric effect is introduced, and in Section III the process is described in another inertial frame. In Section IV conclusions are drawn, focusing on the pedagogical advantages of describing the effect within a relativistic formalism.
II. FOUR-VECTOR DESCRIPTION
Initially, the metal plate is taken to be at rest in the lab frame. The mass of the metal plate is finite. Therefore, the metal plate acquires a non-zero recoil velocity as a consequence of photon absorption and electron emission. The limit of infinite plate mass and zero recoil velocity will be discussed shortly.
In the inertial reference frame, S (lab frame), the frequency of the incident light is ν. Thus the energy and linear momentum of the photon are hν and (−hν/c, 0, 0), respectively, where the photon is propagating in the negative x direction. The four-vector momentum-energy for the photon is thus given by
Briefly consider the inverse photoelectric effect, i.e., the process in which initially the metal plate is missing an electron, and then absorbs an electron and emits a photon. The plate's initial internal energy, E i , at temperature T , can be written as
where
Here, m j is the mass of the j-th elementary particle that forms the metal plate,Ũ is the total binding energy, U (T ) is the part of the internal energy related to temperature, and E 0 is the plate's internal energy without one electron. The electron is taken to be at rest before it enters the metal plate. When the plate captures the electron, its energy increases by m e c 2 , aside from the change in the binding energy produced by the interaction of the electron with the rest of the plate, which is taken into account in the value of Φ. The plate then emits a photon with the threshold frequency ν th . Therefore, Φ = hν th .
After the plate has undergone the photoelectric effect, i.e., after it has absorbed a photon with ν = ν th and emitted the electron, its internal energy is
If ν > ν th , the difference between the incident photon energy and the threshold energy goes into kinetic energy of the emitted electron (with maximum speed, v max (ν)); of course, if ν = ν th , then the velocity of the emitted electron vanishes.
The initial and final momentum-energy four-vectors for the plate are given by
respectively, where
and
The second four-vector corresponds to the plate with inertia M 0 = c −2 E 0 , moving in the
The momentum-energy four-vector of the electron emitted with maximum speed, v max , in the positive x direction is given by
Here and henceforth, v max means v max (ν).
A. Electron emission
The momentum-energy four-vector equation for the process is given by
which leads to the following equations:
and, with the use of Eq. (5) and
From these two equations one obtains v f and v max . If the photoelectron is emitted with a speed smaller than v max , the energy difference remains in the plate as internal energy.
When a photon hits the plate and is absorbed, with emission of an electron, in a process that occurs in a small, but non-zero, time interval, ∆t, there is an average non-zero and finite force acting on the plate with magnitude denoted by F . The corresponding impulse on the plate has a magnitude of F ∆t, and thus
In the limit of infinite mass for the plate,
and so
In this limit, the plate remains at rest, so that the force acting on it does not perform any work, and the equations describing the process are
Note that Eq. (18) (19) reduces to Eq. (1).
B. Electron braking
Suppose that in the photoelectric experiment, one omits the potentiometer and instead places the entire apparatus between the plates of a capacitor. Then, the velocity of the electron is altered by the electric force generated by the electric field, E, established between the plates of the capacitor. The momentum-energy conservation relation is given by the equation
where E e,i (E e,f ) is the initial (final) electron momentum-energy four-vector for this braking process and W µ = −e F µ ν dx ν is the µ-th component of the electron impulse-work fourvector 29 transferred to the electron. Here, F µ ν are the components of the electromagnetic field tensor 30 and dx ν are the components of the electron infinitesimal displacement four-vector.
In the present case, there exists only a non-vanishing x-component for the electromagnetic field, namely E x = E, which is a constant. Therefore 
Here t 0 is the electron's time of flight and L is the distance traveled by the electron.
Explicitly, for an electron emitted with maximum speed that stops just before reaching the negative plate, Eq. (20) reads
Here E min is the minimum electric field magnitude required to stop the maximum speed photoelectrons just before they reach the anode. This four-vector equation leads to
In the four-vector formalism, the equation describing the whole process -i.e. from light absorption to electron stopping -states that the global energy variation of the system equals the impulse-work transferred to it:
All these vectors are defined above, and one readily obtains:
With the use of Eq. (18) one arrives at
Since E min L = V min , Eq. (28) is equivalent to Eq. (3).
III. DESCRIPTION IN ANOTHER INERTIAL FRAME
According to the relativity principle, in the reference frame S , in standard configuration moving with velocity u in the x-direction with respect to S, the four-vector Eqs. (12) and (25) are replaced by
respectively. Here
and similarly for the other four-vectors, where the Lorentz transformation matrix is given by
Let us consider the photon absorption/electron emission process, described by Eq. (12), which can be written as
in S. In the limit M 0 → ∞, the left-hand side of this equation reads
From Eqs. (31), (32) and (34), it follows that
Similarly, from Eqs (4), (11), (31) , and (32) one has
Equations (31), (33), (35), and (36) leads to the following pair of equations:
The energy equation (38) can be written as γ(u)β(u)c×Eq.
Thus, the energy equation in the reference frame S can be expressed as a linear combination of the linear momentum equation and the energy equation in reference frame S.
A similar linear combination also apllies to the linear momentum, equation (37), which can be expressed as γ(u)c× Eq. (18)+γ(u)β(u)×Eq. (19) , namely
Both the linear momentum and energy equations are needed to obtain a covariant description of the photoelectric effect.
For the electron braking process in S , one has
The energy equation for this process in S is
Equation (42) can be expressed as −γ(u)β(u)c× Eq. (23) +γ(u)× Eq. (24), namely
Thus the energy equation in S can be expressed as a linear combination of the energy and momentum equations in S. The linear momentum equation for this process in S is
Equation ( 
The linear momentum equation in S is a linear combination of linear momentum and energy equations in S.
Of course, energy and linear momentum equations in the reference frame S can be expressed as the same linear combination, of the linear momentum and energy equations in reference frame S (except that u must be changed to − u), according to the principle of relativity.
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IV. CONCLUSIONS
The analysis of the photoelectric effect is well-known. However, it is not generally noted that its explanation is a mixture of classical mechanics (kinetic energy of the electron), quantum physics (photon energy), and thermodynamics (work function as internal energy).
The equations ordinarily used to describe the process are not covariant under Lorentz or Galilean transformations. In contrast, the relativistic description presented here is inherently covariant and leads one to consistently look at the process from a richer physical perspective.
The four-vector description of physical quantities, the equations between those fourvectors, and the transformation of the equations from one inertial reference frame to another, in a covariant description, results in this problem really being a little gem. * guemezj@unican.es † tmanuel@uc.pt 
